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Abstract-A hybrid technique is developed to analyse the plane-strain elastic wave propagation
and scattering by flaws in laminated composite plates. The problem is solved first in transformed
frequency domain. The incident fields due to a line load are computed through combining a stiffness
method and modal summation technique. The hybrid method employed here combines finite element
formulation in a bounded interior region containing all the flaws of the plate with an approximate
wave modal representation for the scattered field in the exterior region. The time-domain response
is recovered by Fourier inverse transformation.

The results for a uniaxial graphite-epoxy plate with a line load are presented to check the
accuracy of the incident field. The reliability of the proposed method is confirmed by comparing
scattering results. for the uniaxial graphite-epoxy plate with surface-breaking crack. with those
obtained by a boundary element technique.

The study is motivated by the need to develop a quantitative ultrasonic technique to identify
the integrity of the joints (interphases) between two plates. In this paper. an illustrative example.
two laminated composite plates jointed together by an isotropic interphase with and without crack
on the interphase. is studied in detail. It is shown that dynamic responses of the surface points near
the crack are sensitive to crack length. The arrival-time-delay of the Rayleigh wave is linked directly
to the crack lengths. ( 1997 Elsevier Science Ltd.

I. INTRODCCTION

The need for quantitative ultrasonic nondestructive evaluation (NDE) techniques has
motivated much progress in the understanding of elastic wave scattering by flaws in com­
posite structures. which are often in the form of plates. It is extremely difficult. if not
impossible. to obtain a general analytical solution for the complex wave interaction phenom­
enon occurring in the plate-flaw system. Therefore. numerical methods have to be resorted.

The study of wave scattering problem contains two phases: one is the elastic wave
propagation in undamaged media (incident field), which is typically represented by the
study of elastodynamic Green's functions. The other phase is the scattering due to the
damage in the media.

Transient wave propagation in anisotropic plates due to line loads has been studied
by Scott and Miklowitz (1967,1969) and by Willis and Bedding (1978). Green and Green
(1990) have studied the transient stresses in a four-ply fiber-composite plate for the special
case when the fibers are inextensible. Later Green (1991 a. b) extended the analysis to the
case of extensible fibers. The solution was based on summing the contributions from the
propagating modes only.

Recently. Zhu et al. (1994. 1995) presented a wave function expansion technique to
compute the two dimensional elastodynamic Green's functions due to line loads in an
anisotropic layered plate. In that technique. the analytical solution to the governing equa­
tion of wave motion is used and the propagating matrix method is employed to derive the
dispersion equation and the wave functions. The Green's functions are obtained through
combining the wave mode representation and symmetric or antisymmetric conditions
about the loaded intersection of the plate. The numerical difficulties associated with the
propagating matrix method in high frequency region are circumvented by extending a delta
matrix technique (Dunkin. 1965) to anisotropic media. It is shown that the elastodynamic
Green's functions are obtained accurately both in near and far fields by choosing not only
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the propagating modes, but also the non-propagating and the evanescent modes. However,
due to the complexity of the technique, it is very difficult to extend the technique into the
three dimensional transient wave propagation problem analysis.

In this paper, the incident field due to time-harmonic line load (Green's function) of
laminated composite plates is obtained through the combination of a stiffness method and
modal summation technique. In the stiffness method, the finite element technique is used
to deal with the inhomogeneities in the thickness direction caused by the lamination of the
plate. The dispersion equations of the plate are obtained in standard algebraic eigenvalue
forms. By solving the dispersion equations, we obtain the eigenvalues and eigenvectors
which possess very simple orthogonality relations. Then the Green's functions are derived
by employing the modal summation technique. One of the significant advantages of this
technique is that it can be extended to three dimensional problems without much difficulty.
The results for a uniaxial graphite-epoxy plate with a line load are presented in the paper
to check the accuracy. It is shown that they are in good agreement with those from the
wave function expansion technique (Zhu et at. 1994, 1995).

Scattering of a single incident wave by crack has been investigated by AI-Nasser et al.
(1991) and Karunasena et al. (1991), who used a hybrid technique by combining finite
element and analytical wave modes. The hybrid method combines finite element formulation
in a bounded interior region of the plate with an analytical wave function representation
in the exterior region. The flaw is assumed to be contained in the bounded interior region.
The two regions are connected along vertical boundaries. Continuity conditions for the
displacements and interaction forces are satisfied in the energy sense at the finite element
nodes lying on the boundaries. Karim et al. (1992) studied the wave scattering problem in
an isotropic plate by the hybrid method, where the external load is confined in the finite
element region. This method will require a large finite element region when the external
load is far from the defects.

The motivation for this work is to study the employment ofguided waves in identifying
the integrity of interphases in jointed plates. To achieve this objective, the hybrid method
is employed and extended. The newly developed hybrid method differs in three respects
from the existing hybrid methods. In the first place, it is formulated to deal with the problem
of two distinct plates jointed together. Second, the external interference is assumed to be a
line load acting at an arbitrary position on the plates. It is very important to model real
NDE testing. And third, the continuity conditions for the displacements and interaction
forces on the boundary nodes are satisfied exactly, rather than in the energy sense. This
will improve the accuracy especially in and near the finite element regions.

To illustrate the reliability of the hybrid method, the uniaxial graphite-epoxy plate
with a surface-breaking crack is analysed first. The accuracy is confirmed by checking with
the results obtained by a boundary element technique developed by the authors (Zhu et al.,
1996). To show the applicability of present method, the scattering fields from cracks with
different lengths in the jointed eight-layered cross-ply laminated plates are computed. The
results show that the waves transmitting through and reflected from the crack are sensitive
to the crack length and frequency, as one would expect. The time-domain responses show
that the amplitudes of the responses are significantly reduced or amplified due to the cracks.
Also, the arrival-time-delay of Rayleigh wave is directly linked to the crack length.

2. INCIDEl'\T FIELD

Time-harmonic plane-strain wave propagation in an infinite plate composed of per­
fectly bonded layers with possibly distinct mechanical properties and thicknesses, is
considered. For simplicity in analysis, each layer is assumed to have orthotropic material
properties.

2.1. Stillness method
Dong and Huang (1985) presented a numerical technique applicable for wave propa­

gation analysis in a layered anisotropic plate. The technique starts with dividing each layer
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Fig. I. Geometry of a laminated composite plate.

into several sublayers so that the total number of sublayers through the thickness, 2H. of
the plate is N (Fig. I). The stress and strain components for the i-th sublayer are related by

( I )

where (Iii and t,ij are the stress and strain components. Dij are the elements of the constitutive
matrix for the sublayer. Thickness variations of the displacements in each sublayer are
approximated by quadratic functions of a thickness variable. By using the interpolation
polynomials in the z direction, the displacement vector u = <u w>T of i-th sublayer can be
approximated as

u = N(Z/h)q(x) (2)

where N is the shape function matrix in the local coordinate Z (originating at the top
surface of the i-th sublayer) given by

N = [(I - 3(Z/h) +2(Z/h)2)I 4«(Z/h) - (Z/h) 2 )1 (2(Z/h)2 - (Z/h»I]. (3)

In the above, 1 is a 2 by 2 identity matrix, h is the thickness of the i-th sublayer, while q is
the displacement amplitude vector at Z = 0, h/2 and h.

The stress vector s = <(In (Jxz>T at any point along a plane x = constant in the sublayer
can be expressed as:

OU GU
s = Dn -.:;- +Dc "_ex (j~

(4)

where

D
n

= [Dl 1

. 0 Dc = [ 0
DS5

(5)

From eqns (2), (3) and (4), we obtain the interaction force vector f which contains the
forces at top, middle and bottom points of the sublayer as:

(6)

where



1722 J. Zhu and A. H. Shah

-3Dc 4Dc
-0 ]

4D,\ 2Du -D,,'
I h

R1 = - -4D c 0 4D,c : R2 - 2Du 16D" 2Du . (7)
6 30

D,c -4Dc 3Dc -On 2Du 3Dn

By applying the principle of virtual work to each sublayer. a set of approximate differential
equations can be established. The governing equation for the entire plate is obtained by
summation over all the sublayers (Karunasena et al.. 1991) as

(8)

where the vectors Q and T represent the nodal displacement amplitude and the traction
applied at the interfaces of the plate. respectively. The sizes of Q and Tare M, and the sizes
of matrices M and Ki (i = 1.2,3) are M by M, where M = 2 x (2N+ I). Note that the
matrices M, K1, and KJ are real and symmetric, whereas K2 is real and antisymmetric.

Introducing Fourier transformation with respect to the direction x

l(k) = r' j(x)eJk'dx. /

(9)

with j = v - I. and k being the wave number in the x direction, applying (9) to (8), the
governing equation in transformed wave-number domain is obtained as:

(10)

where f and 0 are the Fourier transform of T and Q, respectively, and Kt = K J - w2M.

2.2. Eigenralue prohlems
The eigenvalue problems are obtained from eqn (10) by setting f = 0 as,

(11 )

where O~ is the mth right eigenvector with size M x I, and the left eigenvalue problem can
be formulated as

(12)

where 0;;, is /11th left eigenvector with size I x M. The symmetric property of K 1, Kt and
the antisymmetric property of K2 are employed in writing eqn (12). Equations (11) and
(12) can be arranged in the form:

(13)

(14)

2.3. Green 'sj/mction in frequency domain
Following the modal summation technique (Liu et al., 1991) and making use of the

orthogonality conditions of the left and right eigenvectors. we obtain the displacement in
transformed domain as:



where
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(15)

(16)

The displacement Green's functions along the thickness of the plate in the spatial
domain due to a point load acting at point (Xl), ':0) can be obtained by applying the inverse
Fourier transformation to eqn (15) as

( 17)

where To is a constant vector representing the amplitude of the external force. It is noted
that, in eqn (17), Q;;" Q~, To and a", are independent of k. Applying Cauchy's Residue
theorem, choosing M, out of 2M modes, for each of the eqns (13) and (14) that decay with
distance from the source, or that propagate away from it, we obtain:

II

Q ( v. Y -) - '" A q elk",c,
''\-'-'0'''-0 - L nr!ll

In I

where

(18)

(19)

Using eqn (6). the interaction forces along the thickness can be represented as:

.tt

F( y"- - ) - '" A f elk",!, ',,).'l. ·\'0-0 - L.... !II //I

/11=.::_1

(20)

where f", is the mth nodal force mode vector which is obtained by substituting q", into eqn
(6). Equations (18) and (20) yield the incident fields due to a line load at (xo,':o).

3. HYBRID METHOD

The hybrid method combines finite element formulation in a bounded interior region
of the plate with a wave modal representation in the exterior regions (Karunasena et al..
1991). The interior region consists of all the flaws and a small region of the plate surrounding
the flaw. The regions are connected along vertical boundaries B+ at X = x+, and B~ at
x = x- as shown in Fig. 2. Without loss of generality the external load may be assumed to
act in the exterior region R~.

o

t
B' I B+

INTERIOR REGION R
Fig. 2. Configurations of a composite plate with flaws.

x
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3.1. Wave modal representation for exterior regions
In the exterior region R-, the total wave field consists of a scattered field and the

incident field. The waves transmitting through the interior region propagate in the exterior
region R+.

Using the wave function expansion, the displacement vector of the scattered field,
{q~+}, in region R+ at arbitrary x can be written as

M

s+ - "' A + + ('k+)q, - L.. rn qrn exp .! m x ,
m=1

(21)

where A;' is the unknown amplitude, q;, , is the displacement shape mode, of m-th mode in
region R~. Equation (21) gives the displacement vector of scattered wave field at the nodes
on the boundary B+ as

where

D:' =' A,; exp(jk",x+), m = 1,2,"', M.

The nodal force vector at the boundary B+ due to scattered field can be formed as

where

(22)

(23)

(24)

r,;; f.t ].

Similarly, the scattering field in the exterior region R- can be written as

M

q~- = L A,~q,~ exp( -jk,;;x), x,;:; x .
111=1

(25)

Following a similar procedure at the boundary B-, the displacement and force vectors due
to scattered field can be obtained as

q~- = G"D

respectively. D- is given by

DT=(Dj D 2

where

Dm

(26)

(27)

in which, All; is the unknown amplitude of m-th scattered mode in region R-.

3.2. Finite element model of interior region
The interior region R is modeled by finite elements. Following the conventional

assembly process in the finite element method, by minimizing the energy functional it, one
obtains the governing equation of motion of entire interior region as



where
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(28)

In the above, q/ is the nodal displacement vector corresponding to interior nodes; qB is
the nodal displacement vector corresponding to boundary nodes; and KT and M T are,
respectively, the global stiffness and mass matrices of the interior region. 0 implies first
variation, and overbar denotes complex conjugate.

Equation (28) gives:

where

S~BqB = PB

(29)

(30)

(31 )

3.3. Global solution
The global solution is obtained by imposing the following continuity conditions on

displacements and tractions at the mesh boundaries:

(32)

(33)

where

(34)

(35)

and superscript in indicates incident field. In eqns (32) and (33), those quantities on the left
hand side of the equal sign are from interior region while those on the right hand side are
from the exterior region.

Substituting eqn (30) in (32) and making use of eqns (33), (22), (24) and (28), one
obtains

where

(S~BG - F)D = r, (36)

(37)

(38)

In which, P'; and q'; can be computed from eqns (18) and (20). It is noted that the continuity
conditions for displacements and interaction forces are satisfied exactly, rather than in
energy sense as in the hybrid method developed by Karunasena et al. (1991). Once D is
known, the total elastic field can be determined by eqn (32).
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Table 1. Elastic properties of 0 and 90 graphite:epoxy
fibers (GPa)

degrees D
"

D" DI , D"
--------- --------_ .. ---- --

0 160.73 13.92 6.44 7.07
90 13.92 13.92 6.92 3.50

4. t\UMERICAL IMPLEMENTATION

To illustrate the reliability of the method discussed above, the elastodynamic response
of a uniaxial graphite-epoxy plate with fibers aligned in x direction (0°) of thickness
2H( = 5.08 mm) is studied first. The material properties are given in Table 1 (refer to 0°).
The density is 1.8 g/cm3

. Thus, the longitudinal (cp ) and shear (cJ wave speeds in the x­
direction are 9.45 mm/fls and 1.98 mmlfls. respectively.

Green's functions playa central role in the computation of incident wave field in the
hybrid method and employment of boundary element technique. To ensure the accuracy
of present analysis, displacement and stress Green's functions due to a line load at x = 0
on the top of the uniaxial graphite-epoxy plate are computed and compared with the results
from analytical wave function expansion technique (Zhu et al., 1995). To employ the
technique stated in this paper to calculate the Green's functions, the plate is divided into
sixteen sublayers to compute the eigenvalues and eigenvectors. In the analytical function
expansion technique. the plate is divided into fifty sublayers to compute accurately the
eigenvectors along the thickness direction. Forty modes (20 symmetric and 20 anti­
symmetric) are used in the modal representation of the wave field. Two normalized fre­
quencies (Q = wH'c,), Q = I and Q = 5. are considered. Figure 3(a) represents the z
direction displacement amplitudes along the vertical section at a distance H from the
applied vertical load. Figure 3(b) represents the corresponding shear stress (Jc along the
section. Figure 4 shows the results along the section which has a distance 10H from the
applied load. It is seen that the results from the two methods are in very good agreements
in near as well as in far-field regions.

We employ the present method to solve a surface-breaking crack in the unaxial
graphite-epoxy plate, and compare with the results obtained from a boundary element
technique by the authors (Zhu et al.. 1996). The surface-breaking crack with length L = H
is at x = O. as shown in Fig. 5. The vertical load is applied on the top surface at x = - lOH.
In the employment of the hybrid method, the finite element region containing the crack is
confined within the vertical boundaries Band B-, which are taken to be x = -0.25H and
x = 0.25H, respectively. The finite element mesh consists of 64 quadratic elements and 293
nodes. In the BEM analysis, to circumvent the difficulties associated with the presence of
crack, a multidomain technique (Blanford et al., 1981) is employed. The plate is divided
into two domains by a vertical artificial boundary extended from the crack configuration
(dashed line along .:--axis as shown in Fig. 5). The boundary element mesh is composed of
32 quadratic elements and 49 nodes. The response spectra (the amplitudes of vertical
displacements vs frequencies) of observation points at the top surface are obtained from
the two methods. Figure 6 represents the results of points (- 0.25H, 0) (which is close to
the crack) and (5H. 0) (which is far from the crack). It is seen that the results from the two
methods for both the near and far fields are in very good agreement.

We consider now two eight-layered cross-ply (0/90/0 /90 0 /0'/0'/90'/0) laminated
plates of equal thicknesses that are joined edgewise by a thin isotropic elastic layer of
thickness 0.05H, with and without a crack. as shown in Fig. 7. The material properties of
the 0 and 90 laminae are given in Table I. The material properties of the bond layer are:
density P = 0.67p'CompOSllej, the Poisson's ratio, v. and the shear modulus, fl, are taken to be
0.354 and 1.95 GPa. respectively (Karunasena et al., 1994).
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Figure 8 shows the dispersion curves for the eight-layered cross-ply laminated plate.
The following nondimensional quantities are used in Fig. 8 for frequency and phase velocity.
respectively:

wH
Q=­

Cs

Q
C/C, = kH (39)

~---

where c, = J(D 55 /P)() . Table 2 shows the normalized cut-off frequencies for Q < 10.
The external load is a line load acting as ( - 1OH. 0). The focus of this study is on the

identifying the integrity of the interphases by analysing the scattering of the guided waves.
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Table 2. Cut-off frequencies in a 8-layered cross­
ply composite plate

Mode Symmetric Antisymmtric

2
3
4
5
6

2.204
2.447
5.094
6.612
7.081

10.092

1.277
3.840
4.408
6.300
8.817
9.162
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Fig. 6. Vertical displacement spectra of surface points. (a) Point (-0.2SH, 0). (b) point (SH, 0).
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It may be noted that the boundary element technique developed by the authors is not
directly applicable to solve this problem. Therefore, the hybrid method is employed. Figures
9(a) and (b) show the displacement spectra at two observation points, (-0.2H,0) and
(0.15H, 0), in the cases of non-crack, crack lengths H/2 and H. In these figures, the sharp
changes at first symmetric (2.20) and third antisymmetric (4.41) cut-off frequencies are
prominent. It can be seen from Fig. 9(a) that the response to the cut-off frequency of first
antisymmetric mode (at Q = 1.28) is invoked only by the longer crack, and the reflection
of waves with central frequency around this frequency from the longer crack dominates the
response. On the other hand, Fig. 9(a) also shows that the reflection of waves with central
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Fig. 9. Vertical displacement spectra of surface points. (a) Point (-O.1H.O). (h) point ((l.lSH.O).
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frequency around n = 3.0 from the shorter crack is more predominant. while the trans­
mission of these waves is greatly reduced by the longer crack, as shown in Figure 9(b).
These properties are very useful to identify the crack lengths. With the results in frequency
domain known, the time domain response of the plate can be recovered by inverse Fourier
Transformation.

The time-dependence of the load was assumed as

. 2
!(r) = --=e " ,,,,' 2 sin(w, r)
. v 2rr

(40)

where r = eJ! H. The time delay To was taken as 3.0, and the normalized central frequency
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Fig. 10. The configuration of load. (a) Time-dependence. (b) frequency-dependence.

We ( = wH!C,) was taken as 3.14. The time-dependence and the frequency-dependence of the
load are presented in Fig. 10. It is seen that the amplitudes approach zero after Q > 6.0.
Therefore, the high frequency responses are filtered out.

Figure 11 represents the time-domain response of the two observation points as in Fig.
9. The arrival time of the maximum response at point (-O.2H, 0) being at r = 15.2 gives
the Rayleigh wave velocity at 0.776c, (noting that the maximum of the load is reached at
r = 2.5), while the Rayleigh wave velocity is determined at 0.80c, from Fig. 8. The estimated
error is less than 4 percent.

The dynamic response of point ( - 0.2H. 0), as shown in Fig. II (a), is magnified after
the arrival of the Rayleigh waves due to the reflection from cracks. Also, it is seen that the
reflection from the shorter crack is larger than that from longer crack. This is because the
reflection of incident waves with central frequency at We = 3.14 is more predominant with
the shorter crack.
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Fig. 11. Transient response spectra of surface points. (a) Point (-O.2H.O). (b) point (O.ISH.O).

It is seen in Fig. II (b) that the arrival time of the waves is delayed by the cracks in a
pattern as: the longer the crack. the longer time-delay. Also the amplitude of the response
in the presence of longer crack is significantly reduced. These properties can be very useful
to determine the crack length.

S CONCLUSION REMARKS

A hybrid method for solving elastic wave scattering by cracks in laminated composite
plates is presented. The incident fields due to an external load are computed through
combination of the stiffness method and modal summation technique. Numerical results
from the hybrid method and boundary element method for a uniaxial graphite-epoxy plate
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with surface-breaking cracks are in very good agreement. Numerical efforts are devoted in
the study of scattering properties of guided waves in two eight-layered composite plates
jointed together by an elastic layer with and without cracks in the interphase. Results show
that the guided waves are sensitive to crack lengths in different frequency regions. Also, the
time-domain responses of the surface points near the cracks show the direct relations
between the vertical crack lengths and the arrival-time-delay of Rayleigh wave.
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